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r ‹RQ2Š _PVtlY_PŠ�lY[ ZRlY_B]RQWlt[\_ vC_P‡^‚ _PQgX•egORQm_PZ�lYZ�ZR_PQmoqX:VYŠ�]R_PQ�~\_PQmŠ cieg_PZ�_PZ

�

c\ZR_ VYlY_B[:e ƒCb,lt_ r Qm‹RoR_PQ2[\_Lu

ŠRQg|:O�npoRVYltnpoR_ SUlYZfeg_BlYVtORZR[=]�_PQ,r _B`meg_BZ

�

�\Qm‚ _BQ+ZqX:npoz]�_PQ5a Q � �\_5lYo�QW_PQ,_PVY_BdfegQWlt`WnpoR_BZ �E_Pltemr |:oRlt[\d:_Blte

lYZ �)_BegX:VYVt_ � 
/X:VYŠRVt_Pl eg_PQ ORZR] � `mc\V•X•egc\Qm_PZ^_PQmj lt_P` `Wltnpo=X:Vt` ZRlYnpofeˆ_PlYZ�]R_PO�eWlY[Rƒ��,O�rCa QWO�ZR] ]�_PQ v oR_Pciu

QWlY_5]R_BQ,_PVt_PdfegQmlY`mnpoR_PZ �E_BlteWr |ioRlY[\di_Pl e/lt`me/_PltZR_�SUlYZfeW_PlYVtORZR[^ZqX:npo0]�_PQ��JX:[:_2]R_BQ+yq_PQm‡ l u SUZR_PQm[\lY_ lt‡

S Z�_PQW[:lY_P`m‚ _BdfegQWO�‡ ]R_PQ�SUVt_PdfegQmc\ZR_PZ7NLj�_Bnpd�‡ | �\lt[\_PQBƒESUlYZR_ `kepX:QmQW_ �/ŠR[\QW_BZRNPO�ZR[1NBj lY`mnpoR_PZ 
,X:VtŠ
u

VY_Pl eg_BQWZ7ORZR] � `Wc\VYXiegc\Qm_PZ�d•X:ZRZ Z�lYnpofe�r _B`meW[\_PVt_P[:e5j�_BQW]R_BZ��J~
lt_PVt‡ _BoRQ `WltZR] ZR_BŠ _BZ ]R_BQ2‰ˆQW_Pl eg_^]R_PQ

~\_PQmŠ cieg_PZ�_PZ

�

c\Z�_2X:O�npo0]RlY_5lY‡ y{_B`meWd��\Qm‚ _BQ/~\c:QWoqX:Z�]R_PZR_BZ�€�e �:QW`meW_PVtVY_PZ ZqX:npo �,Qme/ORZR]

�

c\ZRNB_PZ
u

egQgX•eglYc:Z^`mc j lY_T]RlY_ vC_P‡^‚ _BQgXieWORQUr ‹RQ ]RlY_/a Q � �\_ ]R_BQˆ_BVY_Bd�eWQWlt`WnpoR_BZ
�E_Pltemr |:oRlt[\d:_BlteU‡ X �\[\_BŠRVYltnpo ƒfSUlYZ

r _P`meW_PQ d�QWlt`megX:VYVtlYZR_BQ

�

�:QW‚ _PQGoqX•e ]qX:‡^lteGoRX:VYŠRVt_Pl eg_PZ�]R_ SUlY[\_BZR`WnpoRXirseg_BZ)ltZRZR_PQmoqX:VtŠ�_PlYZ�_P` vC_P‡^‚ _BQgX•u

egORQmŠ _BQW_PltnpoR_P`7� ltZ ]R_B‡ ]RlY_�egoR_BQW‡^lY`mnpoR_2SUZR_BQW[\lt_2]R_BQ,SUVt_PdfegQmc\ZR_PZ ‡ l e/]�_PQ,]�ORQWnpo0]�lY_�~\_PQmŠ cieg_PZ�_

^
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c\ZR_�[\_P[:_PŠ _PZR_BZzSUZR_PQm[\lY_B]Rl
� _PQm_PZRN _ � "gab = "LB � "V B
` lY‡8y XiVYVE]R_BQ,SUlY[:_PZRVt_PlteWORZR[ c�]R_PQT‡^lte

]R_PQ �,dfeWlt~�lY_BQWORZR[:`W_PZ�_PQW[:lY_+~\c:Z0€�e �\QW`keg_BVYVY_BZ�~\_PQm[\VY_BlYnpo�ŠqX:Q lt`me ƒ

b,lY_G_BVY_Bd�eWQWlt`WnpoR_ �E_Pl eWr |:o�lY[\di_Pltex~\c\Z 
/X:VYŠRVt_Pl eg_PQmZ�ORZR] � `mc\V•XieWc\QW_BZ d•X:ZRZ ]RORQmnpo=|iO �\_PQm_T€�e �:QWORZR[:_PZ��

N:ƒ ‰,ƒ �Jltnpofeg_PltZR`meWQgX:o�VYORZR[ _ � Z �m_Pdfegltc\Z+`�c�]R_PQ _PVt_PdfegQmc\`megXieglt`WnpoR_)SUlYZfj lYQmd�ORZR[ �UŠ _P_BlYZ��qO�`W`me j�_BQW]R_BZ

- �

Ž

/ ƒ

a�_BZqX:OR_BQ�_PQmd:_PZ�Z�e ‡ X:Z ]�lY_P`m_PZ €�X:npof~:_PQWoRX:Vte��xjˆ_PZRZ&‡=XiZ `Wltnpo�]RlY_=‰�_P`m_BegNBORZR[7]R_BQ SUZR_PQm[\lY_BZRl u

~\_ XiOR` lYZ�]R_BZ3‰G|iZR]R_PQmZ _ �xc:‚RORV•X•eglYc:Z P `2]R_B`^y{_B`meWd��\Qm‚ _BQW`^X:ZR`mnpoqX:O�e�� j�_BVYnpoR_1lYZ�]�lY_P`m_P‡ y{X:VtV

]RORQWnpo ]Rlt_�y{_BQW‡^l u b,lYQWX:nLu � _PQmeW_PltVYORZR[2X:OR`m[\_P]RQm‹Rnpdfe/jˆ_PQm]R_PZ)d•X:ZRZ ƒ

P =
1

e
E � E F

k T + 1
_�V�ƒ �(`

EF : yq_PQW‡^l u SUZR_PQm[\lY_?_„yq_PQm‡ l	� `mnpoR_�a�Qm_PZRNB_PZR_BQW[\lt_7`

�)lte'a�Vt_Pltnpo�O�ZR[ V�ƒ �0d•X:ZRZ3]RlY_ � XioRQW`mnpoR_PltZRVYltnpoRd:_Blte']RXir ‹RQ'XiZR[\_P[:_PŠ _PZ3jˆ_PQm]R_PZ���]qX:`W` `Wltnpo#_PlYZ

S Vt_PdfegQmc\Z=Š _Pl _PltZR_PQ Š _P`meWlY‡^‡2eg_BZ'SUZR_BQW[\lt_?_ E ` X:O�r oq|:V e��fjˆc\Š _Bl ]�_PQGS��
‚ c\ZR_PZfeWl•X:V eg_PQm‡ `megX:QWd ‡^lte

E ~:XiQWlYlt_PQke��:`mc�]RX:`W` `Wltnpo ]R_BQˆa�_B`gX:‡2e ��ORc:eglt_PZfe Š _Pl E = EF
r Xi`me `W‚RQmORZR[fXiQmeglt[�NBj lY`mnpoR_PZ

•

ORZR] �

|:ZR]R_BQme ƒ � _BZRZ)‡ X:Z1Z�ORZ��Rj lt_ lY‡ yqc\Vt[\_PZ�]R_PZ��
]qX:`/€�
�`meW_P‡ lt‡ `m_PoRQ ZRlt_P]R_BQW_PZ Š _PNPlt_Po�ORZR[:`mjˆ_PlY`m_

]qX:ZRZ�X:ORnpo�lY‡@o �\oR_PQm_PZ�vx_B‡ ‚ _PQWXiegORQmŠ _BQW_BlYnpo Š _BeWQgX:npofeW_Be��J`mc)Š _Pdic\‡ ‡�e�‡ X:Z7_PltZR_PZ�SUlYZR]�QWORnpd

]qX ~\c\Z��Rj�X:`T]RlY_/�E_BltegO�ZR[\`W_BlY[\_BZR`WnpoRXirseg_BZ)]R_B`�
/X:VYŠ�VY_Pl eg_BQW`GŠ _Bj ltQWdfe ƒ

�\ƒ T ! 0K :

_„XJ` E < EF
}/ZfeW_PQT]RlY_B`W_PQ ‰ˆ_P]RltZR[\ORZR[^[\_Bo�e e(E � EF )=kT [:_P[\_BZ

•

��`Wc^]qX:`W` r c\Vt[:e

P � 1 (T ! 0K ; E < EF )

_ Š+` E > EF
}/ZfeW_PQT]RlY_B`W_PQ ‰ˆ_P]RltZR[\ORZR[^[\_Bo�e e(E � EF )=kT [:_P[\_BZ 1 �R`mc ]RX:`W` r c\Vt[:e

P � 0 (T ! 0K ; E > EF )

b,lY_ c\Š�lY[\_T‰�_LegQgXinpo�eWORZR[�NB_Plt[:e��f]qXi`W` lY‡ 
/X:VYŠRVt_Pl eg_PQUZRX:oR_T]R_P`ˆX:ŠR`mc\VYO�eW_PZ=h/ORVtVY‚RORZ�d�eW_P` ZqX•u

oR_PNBO1X:VYVt_,SUVt_PdfegQmc\ZR_PZ�ltZ�SUZR_PQm[\lY_BZRlt~:_ X:O�` `meg_Bnpd:_BZ��q]RlY_/`Wltnpo�ORZfeg_PQmoqX:VtŠ�]R_PQ yq_BQW‡^lY_PZ�_PQW[:lY_

Š _62qZR]R_BZ��{_PQ X:Vt`Wc _PltZ X:ŠR`Wc:VYO�eW_PQ�� `Wc:V•XieWc\Q lY`ke ƒ

Œ

ƒ T > 0K :
y ‹RQESUZR_BQW[\lt_PZ��PŠ _Bl\]R_PZ�_PZ E

kT
]�_PO�eWVYlYnpo [:Q � �\_BQEX:Vt` EF

kT
lY`ke��P[:_PofeJ]RlY_ y{_BQW‡^l u b,lYQWX:nLu � _PQmeW_PltVYORZR[
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j�_B[\_PZ � _PQmZqX:npoRVY|:`W`mlY[\ŠRX:QWdi_Plte�]�_PQ ��� �

	

lY‡ h/_PZ�ZR_PQ�lYZ7]Rlt_�d�V•X:`m`Wlt`WnpoR_^‰�c\V egNB‡=X:Z�Z
u � _BQku

eg_BlYVYO�ZR[ ‹RŠ _PQ�-

Ž

b / �

P � e
E � E F

k T

jGXi` Š _B]R_PO�eW_Be��R]qX:`m` oRlY_BQG]RlY_,‰�_P`m_BeWNPORZR[^Z�ORQ ZRc�npo'~\c\Z1]R_BQ�
 �:oR_ ]R_P`��m_Lj�_BlYVtlY[\_BZ��xc:eW_PZ
u

eglYX:VY`m‚RQWORZ�[\` X:ŠRoR|:ZR[:e��q`Wc\‡^lte SUVt_PdfegQmc\ZR_PZ)X:ORnpo lYZ�` � X:VY_BZRNPŠqXiZR])[:_PV•XiZR[\_PZ1d��\ZRZR_BZ ƒ

h/ORZ5j lYQW]2X:ORnpo�d�VYX:Q�� j�X:QWOR‡ ]R_BQ vC_P‡^‚ _BQgXieWORQWŠ _P[:QWl
� ltZ�c:ŠRlY[\_BQ ��ORX:VYl epXieWlt~\_BQCb+X:QW`keg_BVYVYO�ZR[/`mc+c:rse

Š _B‡�‹Rofe+j ORQm]R_:ƒ ,�� _PZR`mlYnpofegVtlYnpozoq|:Z�[:e _P` Z�ORQ ]RX ~:c\Z�X:Š�� j lt_�oRc�npo7]RlY_ }T‡ [:_PŠRORZ�[\`meW_P‡^‚ _BQgX•u

egORQ/lY`me��{OR‡ _BlYZR_BZzyq_P`kegd��:QW‚ _PQku � `Wc\VYXiegc:Q/NBOR‡ 
/X:VYŠ�VY_Pl eg_BQTNBO0‡ X:npoR_PZ ƒ��UQgX:dfeWlY`Wnpo�_PQmjˆ_Plt`W_ oqXiŠ _BZ

]R_P`moqX:VYŠ3lYZ3]�_PQ=Š�lY`Wo�_PQWlt[\_PZ 
,X:VtŠRVY_BlteW_PQmeW_PnpoRZ�c\VYc\[:lY_�Z�ORQ'`mc\VYnpoR_0€�egc�� _)Š _B`Wc\ZR]�_PQW_0‰�_P]R_BO�egO�ZR[

_PQWVYX:ZR[:e�� ]�lY_�lt‡@‰�_BQW_BlYnpo7]R_PQ

�

lt‡ ‡^_PQkeg_B‡ ‚ _PQWXiegORQ 
,XiVYŠRVt_PlteW_PQm_PlY[:_PZR`mnpoqXirseg_BZzX:O�rsjˆ_Plt`W_BZ ƒJb+X:Š _Pl

_PQmj lt_P`m_PZ�`Wltnpo']Rlt_/lt‡ v 
�‚�]R_B` b,l•Xi‡=X:ZfeW[\ltemeg_PQm` d�QmlY`kepX:VtVYlY`mlY_BQW_PZ�]R_PZ SUVY_P‡^_PZfeW_+a _PQm‡=X:Z�lYOR‡ ORZ�]

€
lYVtlYNPltOR‡ X:VY`�Š _B`Wc\ZR]�_PQW`T[\‹RZ�`meglt[ - �

Ž

/ ƒ
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b,lY_'a�QmORZR]RVYX:[\_=]�_PQ�`mcz[\_PZqXiZRZfeg_PZ �wv lY‡^_ � _P`Wc:Vt~\_B] �UoRc:egc�npoqX:Qm[\_

	

u �)_B`W`mORZR[ _ NB_PltegX:O�r [\_BV �\`keg_

� o�c:egc\`m‚qX:ZRZ�ORZ�[=`ˆlY`ke�]�_PQGZqXinpo ��


!

�#8�� �#� - �	� / Š _PZRX:ZRZfeg_ b/_P‡�Š _PQm_�� _Pdfe ƒ�b,lY_B`W_PQ�Š _BNP_PltnpoRZR_Le

]RlY_)SUlY[\_BZR`WnpoqX•rse ~:c\Z 
,X:VtŠRVY_BlteW_PQWZ"� Š _Bl,‰ˆ_P`meWQgX:o�VYORZR[�‡ l e �ElYnpofe'_BlYZR_BZ3_PVt_PdfegQmlY`mnpoR_PZ �Cc:eg_BZ�eWl u

X:VY[\QWX:]Rlt_PZfeg_BZ�ZRX:oR_^]R_PQ , Š _PQ �{|:npoR_ X:OR`mNPORŠ�lYVY]�_PZ ƒCb,lt_P`W_BQ�j ltQW]�]qX:]RORQmnpo Š _P]RltZR[:e��E]RX:`W`7�CZRX:npo

]R_PQ�SUQWNP_BOR[\ORZ�[0]R_PQ �)lYZ�c\QWl ep|ieW`megQW|:[\_BQ lYZ _BlYZR_BQ�]R‹RZRZR_BZ�,+Š _BQ��{|:npo�_PZR`mnpoRlYnpofe�� _PlYZ €�eWQWc\‡ ~\c:Z

�CXi]RORZR[\`kegQW|:[\_PQmZ7lYZz]qX:`�� Z�ZR_PQm_ ]R_B` 
,X:VtŠRVY_BlteW_PQW` �qlY_ �:e ƒ b,ORQWnpo�]Rlt_ o �\oR_BQW_^‰�_Bjˆ_P[:VYlYnpo�d:_Pl e�]R_PQ

S Vt_PdfegQmc\ZR_BZz[\_P[\_BZ�‹RŠ _BQ+]R_BZ7b,_Br _Bd�eW_PVt_PdfegQmc\ZR_PZzeWQWlteme,_BlYZR_ �xc:eW_PZfeglYX:VY]�l
� _PQW_BZRN2ltZ � lYnpofegO�ZR[']R_B`

_PlYZ
r X:VYVt_PZR]R_BZ �ElYnpofeg`TX:O�r&�
j�_BVYnpoR_5[\_P‡^_P`m`W_BZ)jˆ_PQW]�_PZ d•X:Z�Z ƒ

‰�_Pl/VYlYZ�_ X:Qm_PQ ‰�_BeWQgX:npofegO�ZR[�]R_P` �UQmc\ŠRVY_B‡ `7� X:VY`mc lYZ�]�_PQ � npo�`W_7]R_P` �Jltnpofeg_PltZ�r X:VtVY`��Ud•X:Z�Z#‡=X:Z

ZqX:npo�r c\Vt[\_PZ�]R_ ‰�_BNPlY_Bo�ORZR[\_BZ0r ‹RQ+]R_BZ�€�egQmc\‡@XiO�r `meW_PVYVt_PZ��qjˆ_PVtnpoR_PQ�b,Qmltrseku ORZR]7b/l
� OR`Wltc\ZR`gXiZ�eW_PltVY_

Š _B`WlteWNBePƒ

b,_PZ=b,QWl rsepX:Zfeg_BlYV �fSUVY_PdfeWQWc\ZR_BZR]RQmltrseg`kegQmc\‡ ‚RQmc�y VY|:npoR_PZ�_PlYZ�oR_Pl e��fd•X:ZRZ^‡=XiZ `mlYnpo'XiVY`ˆ€
OR‡^‡ _ ‹RŠ _PQ

]RlY_/�JX:]RO�ZR[\_PZ _su � `�]R_PQ��m_Bjˆ_PltVYlt[\_PZ SUVY_Bd�eWQWc\Z�_PZ ‡ l eGlYo�QW_PQ b/QWltrseW[\_P`mnpofj lYZR]Rlt[\d:_Blte��R~\c\Qm`meg_BVYVt_PZ��

Jn;dr if t =
I n;dr if t

A
=

nX

i =0

(� q� i ) = � qn� n = qn� nE _�V�ƒ

Œ

`
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‡ l e

I n;dr if t : S Vt_PdfegQmc\ZR_BZR`meWQWc\‡

q : S Vt_P‡^_PZfepXiQWV•Xi]RORZR[

� n : S Vt_PdfegQmc\ZR_BZ�Š _Bjˆ_P[:VYlYnpo�d:_Pl e

� n : b,QWl rseg[\_B`Wnpofj lYZR]�lY[\di_Plte�ƒ

�

oRZRVtlYnpoR_B`/[:lYVte�r ‹RQ/]�lY_5b,_Br _Bdfeg_PVt_PdfegQmc\ZR_BZ ƒ ‰�_BlJ_PlYZ�[\_P`m_BegNLeg_BQ,‚ c\`Wl eglt~:_PQ �JX:]RORZ�[=_PQm[\lYŠ
e/`mlYnpo)]RlY_

� ��npoR_BQW`meWQWc\‡^]Rltnpo�eW_@_ Jp;dr if t
`�NBO��

Jp;dr if t = qp� p = qp� pE
_�V�ƒ VJ`

‡ l e

p : � ��npoR_PQmd:c\Z�NP_PZfeWQgXieWlYc\Z)‚RQWc cm3

� p : b,QmltrseW[\_P`mnpo�j ltZR]Rlt[\d:_Blte

� p : � ��npoR_PQmŠ _Lj�_B[\VYltnpoRd:_Blte

b+X � n = � nE Z�ORQ Š _BlUS��
lY`meW_PZRN d�VY_BlYZR_BQ+|:O �\_PQm_PQ _PVt_PdfegQmlY`mnpoR_PQ�yq_PVt]R_PQ,[\lYV e��{lY`ke ]R_PQ5a _PV egORZ�[\`ku

Š _BQW_Pltnpo ~:c\Z a�Vt_PlYnpo�ORZ�[@V
ƒ

Œ

ORZR] a VY_Pltnpo�ORZR[
V�ƒ V _BZfeg`W‚�QW_Pnpo�_PZR]0_BlYZR[:_P`Wnpo�Qg|:ZRdfePƒ

b,_PQ b,l
� OR`mlYc\ZR`WX:Zfeg_BlYV ]R_BQ'€�eWQWc\‡^]Rltnpo�eW_ �Ujˆ_PVYnpo�_PQ=]�ORQWnpo�]RX:`=‰ˆ_P`meWQW_BŠ _BZ�]R_PQ �JX:]RORZ�[\`meWQg|:[\_BQ��

]R_PZ�SUZfeg`keg_Bo�O�ZR[\`Wc:Qme ORZR]�]RX:‡ l e ]RlY_��T_B[\lYc\Z^]R_BQGo ��npoR`meW_PZ

�

c:ZRNP_BZ�eWQgXieWlYc\Z=]R_PQG€
_PVtŠ _BZ'NPO'~:_PQku

V•X:`m`W_PZ"�{X:OR`W[:_PV �:`me j lYQm]��Rd•X:ZRZ ZqX:npo �

Jn;dif f / q
dn
dx

_�V�ƒ

Ž

`

X:ZR[\_BZRc\‡^‡ _BZ�jˆ_PQW]�_PZ ƒUyx‹RoRQme2‡=XiZ Z�ORZ�_PltZR_PZ �UQmc\‚ c:Qmegltc\ZqX:Vtlteg|ieg`kr X:dfegc\Q Dn
_„X:Vt`2b,l � O�`WlYc:ZR`ku

d:c\ZR`kepX:ZfeW_+c
]�_PQˆb,l
� OR`Wltc\ZR`md:c�_��^NPlt_PZfeGŠ _PNB_PlYnpo�ZR_Be `ˆ_PltZ���diXiZRZ']Rlt_+a VY_BlYnpo�ORZR[ V�ƒ

Ž

j lY_ r c\VY[ieˆO�‡ u

[\_P`mnpoRQWlt_PŠ _PZ1j�_BQW]R_BZ��

Jn;dif f = qDn
dn
dx

_�V�ƒ � `

€
c^j lt_ ]RlY_5SUVY_BdfegQWc:ZR_PZ1j�_BQW]R_BZzX:ORnpo ]Rlt_�b/_Br _PdfeW_PVY_BdfegQWc:ZR_PZ ~\c\‡),+QmeTltoRQW_BQ S ZfeW`meg_Bo�ORZR[=jˆ_P[iu

]Rl
� ORZR]Rlt_PQm_PZ��7�m_B]Rc
npo=lYZ^]RlY_/X:ZR]R_BQW_��Tltnpo�eWORZR[Rƒ�b,_B`mjˆ_P[\_BZ1_PQW[:lYŠ�e `Wltnpo r ‹RQ ]R_BZ�b,l
� OR`mlYc\ZR`WX:Zfeg_BlYV

]R_PQ � �
npo�_PQ r c\VY[:_PZR]R_5a VY_BlYnpo�ORZR[ ‡^lte Dp
X:Vt` � ��npoR_BQW]Rl � OR`mlYc\Z�`Wd:c�_��^NBlY_PZfe��

Jp;dif f = � qDp
dp
dx

ƒ _�V�ƒ XJ`
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� _PQW_BlYZRlt[:e ‡=X:Z�a�Vt_Pltnpo�O�ZR[ V�ƒ

Œ

‡^lte=a�Vt_Pltnpo�O�ZR[ V�ƒ � � `Wc�_PQmoq|:V e=‡ X:Z�]Rlt_za _P`WX:‡2eg_BVY_Bd�eWQWc\Z�_PZ
u

`megQmc\‡^]RlYnpofeg_ NBO��

Jn = qn� nE + qDn
dn
dx

=
I n

A
_�V�ƒW^ `

ORZR] Š _Bl�� _PQW_BlYZRlt[\ORZR[�~:c\Z a�Vt_PlYnpo�ORZ�[@V
ƒWV ORZR] a VY_Pltnpo�ORZR[
V�ƒ X ]�lY_ ]R_BQ � ��npoR_PQ NBO��

Jp = qp� pE � qDp
dp
dx

=
I p

A
_�V�ƒ �J`

ƒ

b,lY_Ga�_B`gX:‡2eW`meWQWc\‡^]RlYnpofeW_�lY`ke �m_LegNBe ]R_PQ €�OR‡ ‡ X:ZR]�X:OR` ]�_P‡ �/Zfeg_PltV � ]R_BZ^]�lY_GSUVt_PdfegQmc\ZR_PZ Vt_Plt`meg_BZ��

ORZR] ]R_P‡ ]�_PQ � �
npoR_BQPƒ{b+Xi‡ l e _PQm[\lYŠ�e `mlYnpo)X:OR`/a VY_Pltnpo�ORZR[
V�ƒW^ O�ZR]0a VY_BlYnpo�ORZR[
V�ƒ � �

Jtotal = Jn + Jp =
I total

A
_�V�ƒ bJ`

b,_PZz]qXiNPOR[\_Bo �\QmlY[\_BZ7€�egQmc\‡ _PQmoq|:Vte/‡ X:Z ]RO�QWnpo �)ORV eglt‚RVYltdiX•eglYc:Z�‡ l e,]R_BQ+y VY|:npoR_L_ A ` � ]RlY_5NPOR‡

€�egQmc\‡ c\QmeWoRc\[\c:ZqX:VqORZR] NPORQ�h/c\Qm‡ lt_PQmORZR[�]R_PQG€�egQmc\‡^]RlYnpofeg_TX:Z�[\_Bj�X:ZR]�eˆj�c:QW]R_BZ'lY`ke ƒ�h,X:npo=SUlYZ
u

`W_BeWNPORZ�[^~:c\Z)a�Vt_PlYnpo�ORZ�[ V�ƒ ^�ORZ�] a VY_BlYnpo�ORZR[ V
ƒ � lY`ke ]R_BQ��m_Bjˆ_PlYVtlY[\_��,Zfeg_BlYV ~:c\Z S Vt_PdfegQmc\ZR_BZ)ORZ�]

b,_Br _Bd�eW_PVt_PdfegQmc\ZR_PZ)]RlYQm_PdfeT`Wltnpo�eWŠqX:QBƒ

I total = AJ total = A(Jn + Jp)

= A
�

qn� nE + qDn
dn
dx

+ qp� pE � qDp
dp
dx

�

= A
�

[qn� n + qp� p]E + qDn
dn
dx

� qDp
dp
dx

�
_�V�ƒ �

•

`

�,OR` ]R_BZ ZqX:npo - �7X>/ ~:c\QW[\_BZRc\‡^‡ _BZR_PZ)‰�_LegQgXinpo�eWORZR[\_BZ0`WltZR]1Z�ORZ NLj�_Bl �/`W‚ _Pdfeg_5Š _P`Wc:ZR]R_PQm`/o�_PQku

X:OR`WNBORoR_BŠ _BZ ƒ

�

OR‡ _BlYZR_BZ `mlY_Pofe/‡=XiZ)ZqXinpo7a�Vt_Pltnpo�O�ZR[ V
ƒ
�

•

� ]RX:`W`TŠ _Bl�� Z �m_Pdfegltc\Z)~:c\Z �JX:]RO�ZR[\`ku

egQg|i[\_PQmZ ]R_BQ €�eWQWc\‡ OR‡^`Wc `meg|:QWdi_PQ+lt`me�� �m_5Zq|:oR_BQ,‡ X:Z ]R_P‡

�

_PZfegQmOR‡ ]R_PQ/SUZfeg`meW_Po�ORZR[1dic\‡ ‡�e��

]qX�]Rc\Qke

�

c:ZRNP_BZ�eWQgXieWlYc\Z�O�ZR])a�QWX:]RlY_BZfe d
dx

]R_PQGvCQg|i[\_PQ Xi‡ [\Q � �:eW_PZ'`mlYZR] ƒ�b+X:ZRZ1lt`meG_BQW`mlYnpofegVtlYnpo��

]qX:`W` `WlYnpo ]�_PQ €�eWQWc\‡ X:OR` ]R_PZ �/Z�eW_PltVY_PZ"�ijˆ_PVYnpo�_ ]RlY_�S Vt_PdfegQmc\ZR_BZ ORZR] �m_PZ�_PZ��\]�lY_�]�lY_Gb/_Br _PdfeW_PVY_Bd\u

egQWc:ZR_PZ ~:_PQmORQW`WX:npoR_PZ"� NPOR`WX:‡^‡ _BZR`W_LegNBePƒ

�

jˆ_Pl eg_PZ�`,lY`ke,Z�ORZ ]R_PO�eWVYltnpo0NPO0`m_PoR_BZ�� ]RX:`W`+Š _PlC[\Qmc �\_PZ

}/Zfeg_BQW`Wnpo�lY_P]�_PZ3NLj lY`mnpoR_PZ � n
ORZR] � p

Š _BNPlt_Po�ORZR[\`kj�_BlY`m_ Dn
ORZR] Dp

�U]Rlt_1X:ZRNPO�ZR_PoR‡^_PZ&`WltZR]��

_PlYZ�_ vxQm_PZRZ�ORZR[ ]R_BQ�S Vt_PdfegQmc\Z
u1�Jc�npoR‚qX:X:QW_BZ�_BZfeg`meW_Pofe��Ejˆ_PVtnpoR_ NPOR‡ �/O�r ŠqX:O7_BlYZR_B` _PVY_BdfegQWlt`WnpoR_BZ

�xc:eW_PZfeglYX:VY`�r ‹RoRQke��J]R_P`m`W_BZ&€�ep|:Qmd:_'ZRX:npo a VY_Pltnpo�ORZR[�V�ƒ
�

•

~\c:Z ]R_PQ�€�ep|iQWd:_ ]R_P`�a�_B`gX:‡�eg`meWQWc\‡^_P`

X:ŠRoq|:Z�[:e ORZR] ]RlYQm_Pdfe/X:Z1]RlY_ � _PZR[\_5]R_BQT_BQWNB_POR[:eW_PZ �JX:]RORZR[:`megQW|:[\_BQT[:_Pd:c:‚R‚ _BVteTlY`ke ƒ
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�,ŠR`mnpoq|iegNBORZR[\_BZzr ‹RQ,]R_BZ ��OqX:Zfegl epXieWlt~\_BZzSUlYZ��ROR`W`+]�_PQ/,+Š _PQ��q|:npoR_PZ�_PlY[:_PZR`mnpoqXirseg_BZ7]R_P` 
/X:VYŠ�VY_Pl u

eg_PQm`GX:O
rE]RlY_ �)_B`W`mORZR[ ]R_B`Gb,_B‡�Š _BQW‚ c:eg_BZfegl•XiVY` `WlYZ�]=lYZ^]R_BQ��ElteW_PQgX•egORQ ZRltnpo�eˆ~\_BQmr ‹R[\ŠRX:QPƒ
b,_P`moqX:VtŠ

`Wc\VtVY_PZ7oRlt_PQ�_Plt[\_PZ�_ � _Pnpo�Z�O�ZR[\_PZ XiO�r ŠqX:OR_BZR] XiO�rG]R_BZ�a QWORZ�]RV•X:[:_PZ�ZqX:npo��#&�� - �7X / ~\c\Qm[\_P`keg_PVtVte

j�_BQW]R_BZ��{]RlY_ ]Rlt_P`m_PZ)‰�_P`mnpoRQW_BlYŠ _PZ ƒ

y ‹RQ�]Rlt_�vxQW|:[\_BQWd:c:ZRNP_BZ�eWQgXieWlYc\Z ltZ�r c\VY[:_ �UoRc:eWc\lYZ �m_BdfeglYc:Z j lYQW]&X:O�` ]R_PQ �m_Lj�_BlYVY` ]RXir ‹RQ [\‹RV eglt[\_PZ

�

c\ZfegltZ�ORlteg|ieg`m[\VY_BlYnpo�ORZR[5_PltZR_,b/l
� _PQW_BZfegl•XiVY[\Vt_PlYnpo�ORZ�[�r ‹�Qˆ]Rlt_ , Š _PQ �{|:npoR_BZ�r c:eWcfX:ZRQm_P[\ORZ�[ X:ŠR[\_BVY_Bl u

eg_BePƒ

�

c\ZfegltZ�ORlteg|ieg`m[\VY_BlYnpo�ORZR[�r ‹RQ SUVt_PdfegQmc\ZR_PZ �

@n
@t

= Gn � Rn +
1
q

div(j n ) _�V�ƒ � �(`

‡ l e

Gn : a _PZR_BQgXieWlYc\ZR`mQgXieW_

Rn : � _Pd:c:‡�ŠRlYZRXiegltc\ZR`WQWXieg_

ORZR] _PZfeg`m‚RQW_BnpoR_PZR])r ‹RQ ]RlY_/� ��npoR_PQ��

@p
@t

= Gp � Rp �
1
q

div(j p)
_�V�ƒ �

Œ

`

‰�_PlE]R_BZ r c:VY[\_BZR]R_PZ ‰�_LegQWX:npofegORZR[:_PZ)j ltQW]1]Rlt_�‰�_P`mnpoRQW_BlYŠRORZ�[=_6�
_B‡ ‚RVYX:QWlt`Wnpo X:O�rx]Rlt_�� ��npoR_PQ Š _Lu

[\QW_BZRNBe��R]qX�]Rlt_+lY‡ j�_BlteW_PQW_BZ�� _PQWVYX:O�rJNBO _BZfe j lYnpd:_BVYZR]�_PZza VY_BlYnpo�ORZR[:_PZ�lYZ�[:VY_PltnpoR_P‡ � X �:_+ORZfeg_BQ

‰�_ X:npofeWORZR[=]�_P`�� c\QWNB_PltnpoR_PZR`/X:ORnpo1r ‹RQTSUVY_Bd�eWQWc\Z�_PZ [\_PV eg_PZ1ORZ�])]qXi‡ l e `WnpoRZ�_PVYVJXiŠRVY_BltegŠRX:QG`WltZR] ƒ

b,lY_ �T_Bd:c\‡2ŠRlYZqX•eglYc:Z�d•X:Z�Z ‡=XiZ�lt‡ �,VYVt[\_P‡^_PltZR_PZ7]RO�QWnpo ]Rlt_ �E_BŠ _BZR`W]qXiOR_PQ � ]R_PQ5vCQg|:[\_BQ2Š _Lu

`WnpoRQm_PlYŠ _PZ ORZR] _PQmoq|:V e `Wc\‡^lte ZRX:npo��

Rp =
p � p0

�
=

� p
�

_�V�ƒ �7VJ`

]RlY_ � _Pdic\‡�ŠRltZqXiegltc\ZR`mQgXieW_,r ‹RQ ]RlY_/� ��npoR_PQBƒ

b,lY_ a _PZR_BQgXieWlYc\Z�`WQgX•eg_'d•X:ZRZ&Š _Pl � _BQWZqX:npo�V•|:`m`WlY[:ORZR[7]R_PQ � _7�R_6�
lYc\Z X:Z ]R_BQ , Š _PQ �{|:npoR_1]RltQW_Bd�e

‡ l e ]R_PQ � Z �m_BdfeglYc:Z _ I 0
` X:Z&]R_PQ ,+Š _BQ��{|inpoR_ � X:Vt`Wc7]R_PQ^_PltZR[\_B`megQWX:oRV eg_PZ �UoRc:eWc\ZR_BZ3‚RQmc y VY|:npoR_

_ cm� 2 `�ORZR]&€�_Pd�ORZR]R_[_ s� 1 `6�xŠ _B`WnpoRQmlY_PŠ _PZ jˆ_PQm]R_PZ"� j�_BZRZ ‡=X:Z�]RlY_ _6�
‚ c\ZR_PZfeWlY_PVtVY_ �,ŠRZqXioR‡ _

]R_PQ/€�eWQgX:oRVtORZR[ ]RO�QWnpo �/ŠR`Wc:QW‚�eWlYc\Z1lY‡ � XieW_PQWlYX:V Š _PQm‹Rnpd�`WlYnpofeWlY[:e��

Gp = I 0� e� �x _�V�ƒ �

Ž

`
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‡ l e

I 0 : � Z �m_BdfeglYc:Z _ �UoRc:egc:ZR_PZ5�•nP‡ 2 �i` `GŠ _Pl"���

•

� : �/ŠR`Wc\Qm‚�egltc\ZR`md:c�_��^NPlt_PZfe _ nP‡ � 1 `

�C`mc ]qXi`W`2]�lY_ �JX:]RORZR[:`megQW|:[\_BQW]Rltnpo�eW_/�m_=€
_Pd�ORZ�]R_=[\Vt_Pltnpo�]R_BQ �UoRc:eWc\ZR_BZR]RlYnpofeW_/�m_=€
_Pd�ORZR]�_'lY`ke��

X:VY`mc ]RlY_�� Zfeg_B[\QgX•eglYc:Z1~:c\Zza VY_BlYnpo�ORZR[ V
ƒ
�

Ž

]Rlt_ ORQW`m‚RQW‹�ZR[\VYltnpoR_/� Z �m_PdfeWlYc\Z�j lY_B]R_PQm[\lYŠ
e ƒ

Z 1

0
G(x)dx = I 0

_�V�ƒ � � `

� _BZRZ3‡ X:Z&Z�O�Z�lYZ ]Rlt_

�

c\ZfeglYZ�ORl ep|ieW`W[\Vt_Pltnpo�O�ZR[ _ a VY_Pltnpo�ORZR[HV�ƒ
�

Œ

`�]RlY_ ‰�_BNPlY_Bo�ORZR[\_BZ3r ‹RQ^]RlY_

�T_Bd:c\‡�Š�lYZqXieWlYc\Z Rp
_ a VY_BlYnpo�ORZR[@V�ƒ �7VJ`6�q]�lY_�a�_BZR_PQWXiegltc\Z Gp

_ a VY_Pltnpo�ORZR[@V�ƒ
�

Ž

`GORZR] ]�lY_ r ‹RQT]RlY_

� ��npoR_BQW`meWQWc\‡^]Rltnpo�eW_ j p
_ a VY_Pltnpo�ORZR[:V�ƒ �J`/_BlYZR`m_BeWNBe�ORZR]7]qXiŠ _Bl Š _ X:npofeg_Le��E]qXi`W` oRlt_PQ+Z�ORQ ]Rlt_�SUQku

`WnpoR_BlYZ�ORZR[\_BZ1_PZfegVYX:ZR[2]�_PQ � npo�`W_ ]R_BQ��ElYnpofeg_BlYZfj lYQmd�O�ZR[�Š _BegQWX:npofeg_LeGj�_BQW]R_BZ1`Wc\VtVY_PZ"�
XiVY`Wc div(j p)
NPO d

dx j p
j ltQW]�� ]qX:ZRZ)_PQmoq|:Vte/‡ X:Z _BlYZR_�b,l
� _PQm_PZfeglYX:VY[:VY_Pltnpo�ORZR[ �q‡^lteT]R_BQW_PZ 
/lYV r _�‡=X:Z)]RlY_ �,Z�QW_Lu

[\ORZR[ ]RORQmnpo �UoRc:eWc\ZR_BZ X:Š�`Wnpoq|ieWNP_BZ d•X:ZRZ ƒ

b,lY_B`W_�`mc\VYV�oRlt_PQC]R_PQ SUlYZ�r X:npo�oR_Pl e oqXiVYŠ _PQCX:VYVt_PQm]RlYZR[:`CZ�ORQCr ‹RQC]R_PZ�`kepXieWlY`mnpoR_PZ y{X:VtV � X:Vt`Wc r ‹RQ @p
@t = 0 �

X:ZR[\_B[\_PŠ _PZ j�_BQW]R_BZ ƒˆb,lY_B`^lt`me^ZRltnpo�e^`mc\ZR]R_BQWVYltnpo ‚�QWc\ŠRVt_P‡ Xieglt`Wnpo�� ]qX�ltZ ]R_PZ ORZfeg_PQ �UORZRdfe �
ƒ

Œ

~\c\QmNPOR`keg_PVtVY_BZR]R_PZ �,ŠRŠRX:OR_6�
‚ _PQmlY‡^_PZfeg_BZ'‡ l e _PltZR_PQ d:c:ZR`megX:Zfeg_PZ'S ltZR`meWQgX:o�VYORZR[�j�|:oRQW_BZR]']R_BQ � _PQku

`WORnpoR`m]qX:OR_BQ [\_ X:QmŠ _BlteW_Be�j ORQm]R_:ƒ �,O �\_BQW]R_B‡ `mc\VYV ]R_PQ b/QWltrseW`meWQWc\‡ X:Zfeg_BlYV lYZ&a VY_BlYnpo�ORZR[�V
ƒ � ~:_PQku

ZqX:npoRVY|:`W`mlY[:eˆj�_BQW]R_BZ��{]qX�lYZ�]R_BZ1lYZ�]R_BQ�~\c\QmVYlt_P[\_BZR]R_PZ �/QWŠ _Plte�~\c\Qm[\_PZRc:‡ ‡^_PZR_BZ � _PQm`WORnpoR_BZ ORZ�]

S �
‚ _PQmlY‡^_PZfeg_BZ)XiO�r _ ��eg_PQmZR_�_PVt_PdfegQmlY`Wnpo�_�yq_BVY]R_BQGŠ _Lj OR`W`ke ~\_PQmNPltnpo�eW_BeTj ORQW]�_5O�ZR]1]RORQWnpo ]Rlt_ ‰�_Lu

Z�O
egNPO�ZR[ ]�_P`T`Wc^[\_PZqXiZRZfeg_PZ�� Xi‡�ŠRlY‚ c\VYX:QW_BZ�b,l
� OR`mlYc\ZR`md:c�_��^NPlt_PZfeg_BZ

	

�

D = Dn � DP �
(nn + pn )

(nnDn + pnDp)
_�V�ƒ �7XJ`

y{_BVY]R_BQ��R]�lY_ ]RORQmnpo)]�_PZ0S � _PdfeT`W_BVYŠR`ke/_BQWQmlYnpofeg_LeTjˆ_PQm]R_PZ"� Š _PQm‹Rnpd�`WlYnpofeWlY[:eT`WltZR] ƒ

Gp � Rp �
1
q

div(j p) = 0 _�V�ƒ �(^ `

I 0� e� �x �
� p
�

�
1
q

d
dx

�
� qD

@p
@x

�
= 0 _�V�ƒ ���J`

D
d2(� p)

dx2
�

� p
�

+ I 0� e� �x = 0 _�V�ƒ �7bJ`

b+X `WlYnpo1]Rlt_P`m_P`

�

X:‚Rl eg_PV ‡ l eG]R_BQ �,ŠR`mnpoq|iegNBORZR[^]R_PQ �JX:]�ORZR[\`kegQg|i[\_PQmd:c\ZRNB_PZfegQWXiegltc\Z lY‡ , Š _PQ �{|•u

npoR_PZ�Š _PQW_BlYnpo�Š _P`mnpoq|irseWlY[:e��•lt`meCZ�ORZ�r ‹�QC]�lY_ b,l
� _PQm_PZfeglYX:VY[:VY_Pltnpo�ORZR[;_„b,[:V ƒW` V�ƒ
�DbT_BŠ _BZ �m_PZ�_ �TX:ZR]RŠ _Lu

]RlYZR[:ORZR[:_ �T]�Š ƒ �Ra�Vt_Pltnpo�O�ZR[?V�ƒ

Œ:•

`U~\c\QmQgX:O�`WNPO�`W_BeWNP_BZ��q]RlY_T]Rlt_+SUlY[\_BZR`WnpoRXirseg_BZ1X:Z�]R_PQ�,+Š _BQ��{|:npo�_

Š _B`WnpoRQm_PlYŠ
e ƒ
b,_PQˆb,l
� OR`mlYc\ZR`m`meWQWc\‡ ‡�O�`W` ]Rc\QmeˆNBj�X:ZR[:`WV•|iO�2q[2]�lYQW_Bdfeˆ~:c\Z=]R_BQˆO�ZqX:ŠR[\_B`Wnpofj�|:npofeg_PZ
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� Z �m_Pdfegltc\Z�� ]R_PQ�,+Š _BQ��{|:npo�_PZRQm_Pd:c:‡�ŠRlYZRXiegltc\ZR`W[:_P`Wnpofj ltZR]RlY[:d:_Pl e S1
ORZ�]zZqXieg‹�QWVYltnpo ]R_BQ��JX:]RO�ZR[\`ku

egQg|i[\_PQmd:c\ZRNB_PZfegQWXiegltc\Z X:ŠRoq|iZR[\_PZ ƒ

� D
d(� p)

dx

�
�
�
�
0

= I 0 � S1� p
�
�
0

_�V�ƒ

Œ:•

`

‡ l e

I 0 : � Z �m_Pdfegltc\Z _ �UoRc:egc:ZR_PZ5�•nP‡ 2 �i` `GŠ _Pl"���

•

S1 : ,+Š _PQ �{|:npoR_BZ
u ,+Š _PQ��q|:npoR_PZ�QW_Pdic\‡�ŠRltZqXieWlYc\ZR`m[\_P`mnpofj lYZR]Rlt[\d:_Blte?_ nB‡ �i` `

� : �/ŠR`Wc:QW‚�eWlYc\ZR`md:c�_��^NPlt_PZfe?_ nP‡ � 1 `

D : b/l
� OR`Wltc\ZR`Wdic
_ �^NPlY_BZfe?_ nP‡ 2 �i` `

� : �JX:]�ORZR[\`kegQg|i[\_PQmVY_PŠ _PZ�`W]qX:O�_PQ _ ` `

� p = (p � p0) : �JX:]�ORZR[\`kegQg|i[\_PQmd:c\ZRNB_PZfegQWXiegltc\Z _ nP‡ � 3 `

�

ORQ �,ZR`mnpoqX:ORVtlYnpoRdi_Pl e ]R_BQ � oR|:ZRc\‡^_PZR_!� ]RlY_ `mlYnpo�X:Z�]�_PQ�,+Š _BQ��{|:npo�_�X:Š�`W‚Rlt_PVY_BZ�� `Wc:VYV\_B`xlt‡ ��_PlteW_Lu

QW_PZ [\_PZ�‹R[:_PZ']qX ~:c\Z'X:O�`WNPO�[\_PoR_BZ���]RX:`W` _PltZR_ �/ZRQW_B[\ORZR[�Z�ORQGX:Z^]R_BQ�,+Š _PQ��q|:npoR_,]�_P` 
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�`gXieWc\QW`Bƒ

h,X:npo �#��@�8 8 -

Œ

^ /E_PQm[\lYŠ
eG`Wltnpo1lYZ��,ZRX:VYc\[:lY_TNPORQ hT_PQWZ�`meg`mnpoR_PZ0a�Vt_Pltnpo�O�ZR[�r ‹RQG]Rlt_ �xcieg_PZfeWl•X:VY|:Z
u

]R_PQmORZR[ � E pH �

� E pH = � 2:303
RT
F

� (pH � pHzpc)
_�V�ƒ V �(`

}/Zfeg_BQ^€�epX:Z�]qX:QW]�Š _B]RlYZR[:ORZR[\_BZ ~\_PQm`WnpoRlt_PŠ�e `Wltnpo�]RlY_ �CXi[\_']R_BQ

�

XiZ�eW_PZ�~\c:Z � XiVY_PZ�NLu�ORZ�] �J_Bl u

egORZR[:`WŠqX:Z�]0‡ l e NPORZ�_PoR‡^_PZR]�_P‡ ‚�
 u � _BQme/OR‡ � b ‡ � ‚�QWc=‚ 
 u SUltZRoR_Pl eTlYZ ZR_P[fX•eglt~:_ � lYnpofeWORZR[Rƒ

€
c\‡^lte�j ltQW]1]qX:` � _P]�ORdfeglYc:ZR`W‚ c:eg_BZfegl•XiV ]R_PQ SUVt_PdfegQmc\ZR_PZ `meg|:QWdi_PQ7�q_P` lY`ke OR‡8‚�
 � �

Ž

Š _BQW_Pl eg` Š _Pl

S �
LB

�,u

•

� b

Œ

X�� �fO�ZR] ]RX:`�, �
lY]RXiegltc\ZR`W‚ c:eW_PZfeglYX:V
]�_PQ � ��npoR_BQ `mlYZRdfeˆX:Š _ ‚�
 � �

Ž

�fS +
V B

� �

Œ

�

Œ

^ � `Lƒ
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 � � ��� � &)03* 6 ����(+%-� & '�#+0�(#�"%-� �+%

‰�_Pl ]R_BQ �UoRc:eWc\d•XiepX:V%
�`W_^‡ l e�v l epX:Z�_ � � `wu c��
lY]7egQm_Beg_BZ lY‡ j�_B`W_PZfeWVYlYnpo�_PZ�r c\VY[:_PZR]R_ �UQWc:NP_P`m`W_1X:O
r

_�� 
"�"���#89
���� -

Œ

�>/ ��� @"��� �"��-

Œ

b>/ ` �

� �,Z�QW_P[:ORZR[^]R_P` 
,XiVYŠRVt_PlteW_PQm`G]RORQmnpo �ElYnpofeg_BZR_PQm[\lY_

� � _Pd:c:‡�ŠRlYZRXiegltc\Z�]R_PQ SUVt_PdfegQmc\Z5� �Ec�npo
u �xX\X:QW_

� � _P]Rc��
QW_PX:dfeglYc:Z ]�_PQTSUVY_PdfeWQWc\Z5�!�Jc�npo
u � X\X:Qm_

� � ]R`mc\QW‚�eWlYc\Z'~:c\Z 


2
, �5, 
 � u1� c\ZR_BZ�ORZR] , 
 u �/X:]�lYd•X:VY_BZ=`mc j lt_ c\QW[\X:ZRlY`mnpoR_PZ)€
O�ŠR`megX:ZRNP_BZ

� �TX:]RlYd•X:Vt_PQmNP_PO�[\ORZR[

� �TX:]RlYd•X:VtQW_PX:dfeglYc:ZR_PZ ƒ

�

OR_PQm`mex_PQmr c:VY[:eC]Rlt_�‰�ltVY]RO�ZR[T~:c\Z�SUVt_PdfegQmc\Z
u&�Ec�npo
u �xX\X:Qm_PZ�]RO�QWnpo €�eWQgX:o�VYORZR[/X:OR`mQW_BlYnpoR_BZR]R_PQ S Z�_PQku

[\lY_��

TiO2 + h� ! Ti (e�
LB + h+

V B ) ƒ

b,lY_B`W_ d��:ZRZR_PZ ORZfeg_BQ��%|:QW‡^_Lu Š _BNPlY_Bo�ORZR[\`kj�_BlY`W_��ElYnpofepXiŠR[fX:Š _ QW_Bd:c\‡�Š�lYZRlt_PQW_BZ ƒRhTlYnpofe QW_Bd:c\‡2ŠRl u

ZRlY_BQmeg_/�JX:]�ORZR[\`kegQg|i[\_PQ d��:ZRZR_PZ)Z�ORZ XiZ ]�_PQ ,+Š _BQ��{|:npo�_ � _P]Rc��
QW_PX:dfegltc\ZR_PZ _PltZR[\_BoR_PZ ƒ

�,Š�Š ƒ	V�ƒ

Ž

€
npo�_P‡ X^]R_BQ ‚RoRc:eWc\d•XiepX:V%
�`WlY_BQmeW_PZ � _P]Rc��
QW_PX:dfeglYc:Z
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� _B[\_PZ ]R_P` oRc\oR_BZ , �
lY]qXieWlYc\Z�`W‚ c:eg_BZ�eWl•X:Vt`�]R_BQ � ��npoR_PQ^d��\Z�ZR_PZ�]�lY_P`m_)ltZ NLj�_BlY_BQWVY_Bl � Qmc\NP_B`W`m_PZ

j lYQWdi_PZ���X:Z�]R_BQW_PZ1SUZR]�_ lY]R_PX:VY_BQmjˆ_PlY`m_,lt‡ ‡^_PQ _PltZR_,~:c\VYVt`mep|iZR]RlY[:_�, �
lY]qX•eglYc:Z=]R_BQ €
npoqX:]�`megc�� _ NBO

�

c\oRVt_PZR]�lYc��
lY]�ORZR] � X:`W`m_PQT`Wc j lY_ �)ltZR_PQWX:VY`WX:VYNB_PZ�`meW_Pofe ƒ

�\ƒ d��\Z�ZR_PZ7]Rlt_ � �
npoR_BQ o

V B
]RltQW_Bd�e+‡ l e X:Zz]R_BQ+,+Š _BQ��{|:npo�_ X:]R`Wc:QWŠRlt_PQmeW_PZ�€
npoRX:]R`meWc�� ‡ c\Vt_Lu

d�‹RVY_BZ _ ‰

ads:
`�QW_PX:[\lY_BQW_BZ��

Bads: + h+
V B ! � B +

ads: + O2 ! ::: ! CO2 + H2O + :::

Œ

ƒ `WltZR]�`WlY_U]RX:NPO5lYZ�]R_BQ��CXi[\_ � ]Rlt_ X:Z�]R_PQ�,+Š _PQ��q|:npoR_ npoR_P‡^lY`mc\QWŠ�lY_PQkeg_BZ , 
 � u1� c\Z�_PZ5ORZR]5‚Ro.
�u

`Wlt`Wc\QmŠRlY_BQmeg_BZ � X:`m`W_PQm‡ c:VY_Pd�‹RVt_ ORZfeg_PQ ‰�lYVt]RORZR[ ~:c\Z , 
 u �/Xi]RlYd•X:Vt_PZ NPO�c���lt]RlY_BQW_BZ�� ]RlY_ ]qX:Z�Z

]RlYQm_Pdfe j�|:oRQW_BZR] `mlY_ ZRc�npo�X:Z�]�_PQ�,+Š _BQ��{|:npo�_^]�_P`5v ltepXiZR]RlYc��
lY]�`+`Wl egNP_BZ��Ec�]R_PQ�ZqX:npo�]R_P‡

`Wlt_/ltZ=]Rlt_0� �\`mORZR[2]�l
� ORZR]Rlt_PQmeˆ`WltZR]���‡^lteˆX:]R`mc\QWŠRlt_PQkeg_PZ c
]�_PQ r QW_Pl lYZ � �\`WORZ�[�~\c:QWVYlt_P[\_BZR]R_BZ

€
npoqX:]�`megc�� ‡^c\VY_Bd�‹RVY_BZ Qm_ X:[:lY_PQm_PZ ƒ

Ti � OH � + h+
V B ! T i � OH �

Ti � OH2 + h+
V B ! T i � OH � + H +

b,lY_0�J_BlteWORZR[\`mŠqX:ZR]R_BVY_Bd�eWQWc\Z�_PZ1_ �
LB

Qm_ X:[:lY_PQm_PZ�‚qXiQgX:VtVY_PV{]qXiNPO�‡^lteˆlYZ
� �\`mORZR[ Š _72qZR]�VYlYnpo�_P‡8€�X:O
u

_PQW`kegc�� ORZfeg_BQ ‰�lYVt]RORZR[ ~\c\Z �C_PQmc#�
lt]RQgX:]�lYd•X:VY_BZ��J]RlY_ _PZfe jˆ_P]R_BQ XiZ�]RlY_ Š _Blˆ]R_BQ , �
lY]qXieWlYc\Z�_PZfemu

`meg_BoR_PZ�]R_PZ7c\Qm[fX:ZRlt`WnpoR_BZ �/Xi]RlYd•X:VtdiX•eglYc:ZR_PZ � ‰ +
ads:

X:]�]RlY_BQmeTj�_BQW]R_BZ�O�ZR]z`Wc'_BŠ _BZ�r X:VtVY`TNPORQT~\c\VtV u

`mep|iZR]RlY[:_PZ , ��lt]qXieWlYc\Z Š _Pl egQgXi[\_PZ��:c
]R_BQ ]RlY_Gj lt_P]R_BQWOR‡ ‡^lte � X:`m`W_BQˆORZfeW_PQUj�_BlteW_PQW_BQ ‰�lYVt]RORZR[ ~\c:Z


 
�]RQWc���
�VYQWX:]RlYd•X:Vt_PZ�Qm_ X:[\lt_PQm_PZ ƒ

e�
LB + O2 ! � O�

2

�\ƒ �T_PX:dfegltc\Z�‡ l eT€
npoqXi]R`meWc�� QWX:]RltdiXiVYd•Xiegltc\ZR_BZ��

� B +
ads: + � O�

2 ! ::: ! CO2 + H2O + :::

Œ

ƒ �T_PX:dfegltc\Z�‡ l e � X:`W`m_PQTNPO 
 
�]RQWc���
�VYQWX:]RlYd•X:Vt_PZ��

(� O�
2 )2 + 2H2O ! 2 � OH + 2OH � + O2

_ �,Z�[fX:Š _PZ1ZqX:npo2��
�$3��� �

�


 � � � � 
�� 
"- V

•

/ `

� Z ]R_BQˆa�_B`gX:‡2eWQW_PX:dfeglYc:Z^lt`me ]qX:Š _Plq]�lY_T‰�lYVt]RORZR[ _BlYZR_B` ]RQW_Bltjˆ_PQmeWlY[\_BZ v l epX:Z�lYc\ZR` XiZRNPORZ�_PoR‡^_PZ���`mc

]qX:`W`�lYZ�‰�_BNPOR[ XiO�rC]RlY_/c\ŠRlY[:_PZ'vC_PltVYQW_PX:dfegltc\ZR_PZ^epXieW`g|:npo�VYlYnpo r c\VY[\_BZR]R_��T_PX:dfeglYc:ZR`W`mnpoRQWl eWeg_+X:Z�]R_PQ

v ltepXiZR]RlYc��
lY]�c\Š _BQ��{|inpoR_ ]RORQmnpoRV•X:O
r _PZ1j�_BQW]R_BZ - V � / �

Ti4+ j OH h�� ! T i3+ j � OH
+ O2=� H O�

� ! T i4+ j O2
H 2O� ! T i4+ j OH + H O2�
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DGFxD *

�

M �1M
��
2K2M�� HEF�� � H �'F �1M ��� �LD � HEF K�M�D M�
2DGFxHJD ?����1M
�

��DGF��"DGF A�� *

�

A�� K �BD ��� �BD

}/‡8`mlYnpo�_BlYZ1‰�ltVY]']qX ~:c\Z)‡ X:npoR_BZ1NPO�d��:ZRZR_PZ"�Rj�_BVYnpoR_BZ)QW|:OR‡^VYlYnpo�_PZ �/O�r ŠqX:O1]Rlt_+ORZfeg_BQW`WO�npo�eW_PZ

‚RoqX:Qm‡=X:NB_PO�eWlY`mnpoR_PZ � lYQWd�`kegc�� _ Š _B`WlteWNP_BZ=ORZR] j�X:`ˆ`mlY_ Š _Br |:oRlt[:e��:ORZfeg_PQ ]R_BZ=_PltZR_PZ^c�]R_PQ X:ZR]�_PQW_BZ

‰�_P]RltZR[\ORZ�[\_PZ XiŠR[\_PŠRX:O�e NBO�j�_BQW]R_BZ��:j ORQm]R_PZ ‡^lte 
/ltVtr _ ]R_PQ €
c:rse j�X:QW_ � a5X:O�`W`WlYX:Z

•

V

	

]R_PQUyxlYQW‡ X

a5X:O�`W`WlYX:Z � ZRn:ƒ{‰ˆ_PQW_BnpoRZ�ORZR[\_BZzX:ZR[:_P`meW_PVtVte ƒ

b,lY_B`W_PQ �/ŠR`WnpoRZ�lteWe�`Wc:VYVUZ�ORZ�]RlY_ ]qX:Š _PlUNBOR‡ SUlYZR`WXiegN [\_Bd:c\‡^‡^_PZR]R_BZ �)_LegoRc�]R_BZ ORZR] �)c�]R_PVtVY_

Zq|:oR_BQTŠ�QWlYZ�[\_PZ ƒ

 �  ���

�

�"(�� 4 &-, 4$����' *

€
_Pl eU]R_PZ }TZfeg_PQm`WORnpo�ORZ�[\_PZ=~:c\Z � ���6��� � � �"��� ���������#�4� ]Rlt_G_PQUltZ�_PltZR_PQU€
_PQmlY_G~\c:Z^`m_PnpoR` � _BQ �:r•u

r _PZfegVtlYnpo�ORZR[\_BZ=lt‡ �\X:oRQ �7b

Œ

X�]RX:QWVt_P[:eW_.- V

Œ

/ O�ZR]=]Rlt_ lYZ^`W_PltZR_PQ Š _PQm‹RoR‡2eW_PZ jˆ_PVtVY_BZR‡ _BnpoqX:ZRlt`WnpoR_BZ

� Z�eW_PQm‚RQW_LepXieWlYc\Z1]R_B` �GeWc\‡ ` ‡2‹RZR]R_Leg_PZ"�

Ĥ 	 = E	 _�V
ƒWV

Œ

`

j�_BVYnpoR_TlYoR‡ NPOR`WX:‡^‡ _BZ^‡^lte���
 @�� $ �������#�! 
 @���� � �

!

��� 
 ��VY_LegNLegVYltnpo X:ORnpo ]R_PZ h/c\Š _PVt‚RQW_BlY`

r ‹RQ �Uo.
�`Wltd � �wr ‹RQ5]Rlt_=SUZfeg]R_Bnpd�ORZR[7]R_PQ�ZR_PO�_PZ�‚RQmc
]RO�d�eWlt~:_PZ yqc\QW‡^_PZ�]R_BQ �Gegc:‡2egoR_Bc\QWlt_

	

�J]R_B`

�\X:oRQW_B`��7b V V0_BlYZ�ŠRQWX:npofeg_ �Ult`me ]RX:` vxc:Q�NPO _PltZR_P‡ ~ �\VtVYlt[0ZR_PO�_PZ � _PQm`mep|iZR]RZRlt` ]R_PQ …�oR_B‡ lt_']R_PQ

�Gegc\‡^_ ORZR] �)c\Vt_Pd�‹RVY_ [:_���� ZR_Be jˆc\QW]�_PZ ƒ

b,_PZRZ�c
npo `WltZR]�]Rlt_=_PltZRNPlt[\_PZ �)c\VY_Bd�‹RVY` 

`keg_B‡ _!� ]RlY_=X:ZqX:V%
�eglY`mnpo � _ �RXid�e

	

Š _P`mnpoRQWlt_PŠ _PZ j�_BQW]R_BZ

d��\ZRZ�_PZ�� Š _B`meW_PZ�r X:VtVY`

�

jˆ_PlY‚RX:QmeWlYd:_BVY` 

`keg_B‡ _iƒ ��c\Š _Pl ]Rlt_P`W_B`=Z�ORQ^]qX:]RO�QWnpo�‡ �\[\VtlYnpo�j lYQm]��U]qX:`m`

‡=X:Z3]qX:`1€�
�`keg_P‡ lYZ�NLj�_Bl �U`W_PO�]Rciu SUltZR‚qX:QkeglYdi_PVt`�
�`meW_P‡^_z‡ l e=[\_B‡ _BlYZR`WX:‡^_PZ � Xi`W`W_BZRNP_BZfegQWO�‡

X:O�rseg_BlYV e ƒ
h/OR‡^‡ _BQWlt`Wnpo�lY`ke oRltZR[\_P[:_PZ1_PltZR_ �+lt_PVYNPX:oRV ~\c\Z)€�
�`meW_P‡^_PZ ‡ l e�r X:`ke Š _BVYlt_PŠRlt[\_PQGa�_BZqX:O
u

lY[\di_Plte/NPO�[f|:ZR[\VtlYnpo��{‚RQmc\ŠRVt_P‡ Xieglt`Wnpo ]RX:Š _Bl lt`me XiVYVY_BQW]RltZR[\` ]Rlt_2oRc\o�_ � _PnpoR_BZRNP_Blte�� ]RlY_�‡=X:Z)]qX:Š _Pl

X:O�rsjˆ_PZR]R_BZz‡�OR`m`Pƒ�� _BZRZ0‹RŠ _PQmoqX:OR‚�e�� `mc=lt`me/‡=X:Z)oR_PO
eg_�XiOR`W`mnpoRVYlt_
�\VtlYnpo1j�_B[\_PZz]R_BQ,NBORQ � _BQmr ‹
u

[\ORZR[ `meW_PoR_BZR]R_BZ2VY_BlY`kegORZR[:`mr |:oRlt[\_PZ5…�c:‡ ‚RO
eg_PQm`�
�`meW_P‡^_ ]qX:NPO�ltZ5]�_PQ��JX:[\_!� X:OR`m[\_P]R_BoRZfeg_�€�
�`meW_P‡^_

[\_PZqXiO NBO=Š _PQW_BnpoRZR_BZ ƒRb+X5X:Š _PQ `W_BVYŠR`ke�‡^c�]R_PQmZR_/…�c\‡ ‚�O�eg_BQWnPVtOR`meW_PQ Š _Bl{X:dfegOR_BVYVt_PZ j lY`W`m_PZR`mnpoqXirseku

VYlYnpo�_PZ�yqQgX:[\_B`meW_PVYVtORZR[\_BZ7‹RŠ _BQmr c\Qm]R_PQke�jG|:Qm_PZ�ORZR]�]RlY_B`W_P` �UQWc\Š�VY_P‡ lYZ7]R_BQ � _BQW[fX:Z�[\_PZRo�_Plte�O�‡ u

`Wc1QgX:O�‡ [\Qm_Pl r _PZR]R_BQ/j�X:Q��E_BZfeg`megX:ZR]�� ��OqXi`Wl NB_PlteW[\VY_BlYnpoz‡^lte,]R_PQ Š _P[\ltZRZR_BZR]R_PZ � _PQkr ‹R[\ŠqXiQWd:_Blte�XiZ

_PVY_BdfegQWc:ZRlY`mnpoR_PZ � _PnpoR_BZR‡=Xi`WnpoRltZR_PZ��U_BlYZ

�

jˆ_Plt[0]R_PQ�eWoR_Pc:QW_BeWlY`mnpoR_PZ …�oR_B‡ lt_ � ]�_P`W`m_PZ � _PQmeWQW_Leg_PQ

~\_PQm`WnpoRlt_P]R_BZR_ � c
]R_BVYVt_+`Wnpo�O�r _BZ ORZR]1~\_BQmr _BlYZR_BQmeg_BZ��{]RlY_ dic\‡^‚RVY_ ��_5€ 

`keg_B‡ _5lYZ�‹RŠ _PQm`WnpoqXiORŠqX:Qm_PZ

�

_PlteWQg|:O�‡ _BZ�Š _BQW_Pnpo�_PZ�ŠqX:QT‡=Xinpo�eW_PZ ƒ

� X:ZzORZfeg_BQW`mnpoR_Plt]R_Be5ZqX:npo7]R_B‡ a QgXi]z]R_PQ � c
]R_BVYVtlY_PQmORZR[ lYZ ��OqX:ZfeW_PZR‡^_PnpoqXiZRlY`mnpoR_�_„X:ŠzltZRlteWlYc=` �
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`W_P‡^l uw_P‡^‚RlYQmlY`mnpoR_ ORZR]'‡^c\Vt_Pd�‹RVY‡^_PnpoRX:ZRlY`mnpoR_ �T_BnpoR_PZR‡^_BeWoRc�]R_PZ ƒ�� Z�yqc\Vt[\_PZR]�_P‡ `Wc:VYVY_BZ Z�ORQ �m_PZR_

[\_PZqXiOR_PQ Š _PVY_BORnpofeg_LeTjˆ_PQm]R_PZ"� ]Rlt_ lY‡ �/X:o�‡ _BZ ]�lY_P`m_PQ �,QmŠ _Blte��/Zfj�_BZR]RORZR[ r X:ZR]R_BZ ƒ

 �  � � � #+& ��, �"& $#&-, 0 ( %�&�� &)(+$#&16 &)( � &16�#$��$#&)(

� "$G �\"$G E �\<C��,/.103" �L"$.103"$� �	"=<C462S0!<("$�

b,lY_1�m_PZRlt[\_PZ �)_BeWoRc�]R_PZ�� ]Rlt_ `WlYnpo�Z�ORQ �woqX:VtŠ�XiO�rR]Rlt_ S Qkr X:oRQmORZR[
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